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1. Introduction. A multiplication on a space X with a base point * is a map
p: Xx X — X such that u(*, x)=pu(x, *)=x for any x of X. Two multiplications
1, and p, are called homotopic if p; is homotopic to u, relative to Xv X.

The enumeration problem of the homotopy classes of multiplications on a given
H-space was studied by James [5] for spheres and by Arkowitz and Curjel [1] for
finite CW-complexes. In fact, they showed that there exists a one-to-one corre-
spondence between the homotopy set [X A X, X] and the set of homotopy classes
of multiplications of a finitte CW-complex X with a homotopy associative
multiplication.

Moreover they proved that the following Lie groups have a finite number of
nonhomotopic multiplications:

SO (n) for n=16 and n# 10, 14; SU (n) for n<5; Sp (n) for n<7; the representa-
tive of G, F; and E,; and that all other classical groups and the representatives of
the other exceptional structures have an infinite number of multiplications.

As is well known, SU (2) and Sp (1) have 12 distinct homotopy classes of
multiplications, since these groups are homeomorphic to S2 and since

[S° A §?, 8% = 7e(S°) = Zss.

Recently Naylor [11] calculated the order of [SO (3)A SO (3), SO (3)] and
showed that SO (3) has precisely 768 distinct homotopy classes of multiplications.

The purpose of this note is to compute the orders of [SU (3)A SU (3), SU (3)]
and [Sp (2) A Sp (2), Sp (2)] and to prove

THEOREM 5.7. There exist precisely 2'5.3°.5.7 distinct homotopy classes of
multiplications on SU (3).

THEOREM 6.6. There exist precisely 2%°-3.5%.7 distinct homotopy classes of
multiplications on Sp (2).

Notation.
[X, Y]: the set of homotopy classes of continuous maps from X to Y.
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PG the p-primary components of the abelian group G.

6(G): the order of the group G.

K™: the n-skeleton of a CW-complex K.

K/L: the quotient space of K by pinching L to a point for a CW-pan' KoL,

X A Y: the smash product Xx Y/X v Y.

C.,=Y U, CX: the mapping cone of a« € [X, Y].

When we consider the mapping cone YU, CX of a map f: X — Y, we use
often the homotopy class « of f'in its place, since the homotopy type is determined
by its homotopy class a.

The equality X'= Y for two spaces X and Y reads that X is homotopy equivalent
to Y.

The paper is organized as follows. In §3 and §4, the cell structures of SU (3)
ASU (3) and Sp (2) A Sp (2) are studied. Then the computations of the orders of
[SU (3)ASU (3), SU (3)] and [Sp (2)A Sp (2), Sp (2)] are done in §5 and §6 re-
spectively. The final section (§7) is devoted to the computations of 2m(Wj ,) for
i=15, 16 and 17 which are needed in §5.

The author wishes to thank Professors M. Mahowald and H. Toda for their
many helpful conversations.

2. Preliminaries. To begin with we recall some results on =, . (S™):

(SN Z={,} fornz1. 7, (S = Zy={n,} for n23.

Tn+2o(S")2Zy={n3} for n23. m,,3(S™) = Zos ={w,} for n25.

T +4(S™)=0for n26. 7, . 5(S")=0fornz7.

1+ 6(S™) 2 Z,= {2} for n2 5, where 3w,=v,.

m3(S®) = Zeo={Z"}. mu(ST)=Zy1p0={Z'}.

m5(S8)2Z @ Z150={Z, ST'}.

Tpat(S™) 2 Zo40={Z,} for n29,
where S¥"=2%', §23'=2ZX,. Furthermore, we use the following notations: 15Z" =¢",
152'=06' and 15Z4=0,.

We also recall the well-known formulae
2.1) X VYY) 2 n(X)@n(Y)@ma(XxY, XV Y)
2.2 [XvY,Zl~[X,Z)®[Y,Z] for a topological group Z.

The groups SU (3) and Sp (2) are S3-bundles over S where n=5 and 7 respec-
tively. So they have the cell structure as follows [7]:

G=S3UerUets,

It is also known that

(2.3) €® is attached to S° by 55 in SU (3).

(2.4) €7 is attached to S® by w’ in Sp (2), where «' is the Blakers-Massey element
and a generator of mg(S3) = Z1,. (S0 =2w, .5 for n22.)

According to James [6], in the suspended complex

SG = S4 Uettly en+4’
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the cell e*** is attached by the element j,x, where
Jui Traa(S*) = 7y a(S* U €Y

is the inclusion and x €, 3(S*) is obtained from the characteristic element «
for G by the Hopf construction. (This fact also follows from Lemma 2.32 of [12].)

Since the rotation group SO (4) splits as SO (4)= 53 x SO (3), the characteristic
elements are 7; and o’ for G=SU (3) and Sp (2) respectively. So the attaching
maps of e"** in SG are j,(v477) and j,(2v3) respectively. By Proposition 5.9 of [15],
S%(v4m7)=0. Hence we obtain

S3SU(3) = S¢ued v S
Similarly, S$2 Sp (2)=S% U e°v S!2 follows, since S(2v3)=0 by Proposition 5.11
of [15]. Thus, we have shown

LemMA 2.1. (i) SSU (3)) has the homotopy type of S**3 U e"*3v S**8 for
n23.
(ii) S™(Sp (2)) has the homotopy type of S"*3 U e**Tv §**+1° for n2 2.

This lemma means that the cell € in SU (3)/53=S55% U €® is not associated with

S°%. So one has

2.5 SU (3)/5% = S5 v S8
Similarly,
(2.6) Sp (2)/S3 = S" v ST,

We will study the cell structure of G A G, which evidently has 9 cells (see the
diagram where the number indicates the dimension of the cell).

1 13 |16 13 |i7 20
8 5 13 10—} 17
6 8 |11 6| 10 |13

K=SU@3)ASUQ) M =Sp(2) A Sp(2)

For simplicity we set
K=8SU@B)ASU@B) and 4 =K = (§%u,, € A (S®U,, €.
M=Sp(2)ASp(2) and B =(S%uU, ) A (S3uU, €.

Then we have

LeMMA 2.2. (i) S3SU (3)ASU (3))=S%4 Vv (S U el®)y (S U el6)y S1°,
(i) S*Sp (2)ASp (2)=S52B v (S5 U ') v (S5 U e19)y S22,
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Proof. By making use of Lemma 2.1, we have

S3SU@B) A SUB)) =(S3ASUB)) ASUM)
=(S¢uetv S A SU®M)
@) =(SuUel) A SUQB) v (ST A SU@Q3))
=(S3Ue)A(SEASUB) V(S ASUQ))
=(S3Ued) A (SCuet v SV (SHuety S§19
= S%4 v (S U e v (St U e v S8 Q.E.D.
Similarly for (ii).
3. The cell structure of SU (3)ASU (3). First of all we study the structure of
A=Kao,
Let C, be the mapping cone of 73 and let 1.: C,— C, be the identity map.
Consider the map
I, An3:Cp A S*—>C, A S5

Clearly A=C,A C, is the mapping cone of 1, A n;. However, according to Lemma
3.5 of [15], (taking the trivial coextension, since 29¢=0), there exists an element
n* of 7e(S®) such that 1A n3=(S*p)*(i,n*) holds in [S*C,, S3C,], where i=S5° —
S3C, is the inclusion and p: C, — S° is the shrinking map. Hence we obtain

A= (55U, €%) Uy npy C(S7 U, €°) = ((S® U, e®) v SB) U, e'®

where n=1i,7*V 7g.

We show that n*=my with odd n. Clearly n* belongs to 2mg(S®)xZg={ve}.
Consider the cohomology of A4 with Zz-coeﬂicient'H *(A;Z,). Let u and v be the
generators of H¥(C,; Z,) and H5(C,; Z,) respectively. Note that SZu=v holds.
Then the generators of H8A;Z,) and H!%(4; Z,) are represented by uAu and
v A v respectively. By the Cartan formula we obtain

St A u)y=S2un Su=vAuv.
Hence by Proposition 8.1 of [15] one deduces n* =nvg with odd n. Thus
(B.1) A=((S%U,€®) Vv S®) U, el wheren = iynvg V 1 with n = odd.

Recall that K=A4 U el U el® U el! U e3® U €'5. Consider the attaching element

o, € m1,(A). Then S3, is the attaching element of e}* in S3(K V), but it is trivial

by (i) of Lemma 2.2. Hence «; =0. In fact, one has S3:m,o(A4) = 7,3(S%A4) since 4
is 5-connected. Similarly, the attaching element «, of el! is trivial. Thus

KAV = 4 v St v Sit.
Next we study the attaching element 8, of e}®:
Br € mo(KUY) = 719(4) @ 712(ST) @ m12(S3Y).
For this we need

LeMMA 3.1. SB: 7 (KY) — m15(SHK D)) is @ monomorphism.
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Proof. It is sufficient to show that S3: 7,5(4) — m5(S34) is a monomorphism.
The following diagram is commutative and the two rows are exact.
m13(A, §€) —— m,5(S°) m15(A4) m2(4, S°)
(32) lSS lSS lS(! 153
m6(S°4, S —> m15(S%) —> m5(§%4) —> m15(5°4, S9)

Let p: (4, S — (4/SS, *) be a smashing map. Then we have a commutative
diagram:

mia(d, 89 —2 s miy(4/S°)

lsa lsa
3
me(S°4, §9) 5, me(S2A4/S®)

Since A4/S® is 7-connected, we have that S2: 7,5(4/S%) — m6(S24/S?) is an iso-

morphism. By the Blakers-Massey theorem (e.g. Corollary 3.3 of [10]), we obtain

that p, is epimorphic and that (S3p), is isomorphic. Hence the first S in the

diagram (3.2) is an epimorphism. Similarly one can show that the last S® in the

diagram (3.2) is an isomorphism. The second S$?is known ([15]) to be monomorphic.

Thus by the four lemma (Lemma 5.6.9 of [3]) we obtain the lemma. Q.E.D.
The attaching element B, of e}® is of the form:

Bi =y @XM @ Xomyy  With y € mi5(A4), x,€Z,.

Then S38=S3% @ x,9;4 ® Xom,4 is the attaching element of el® in S3K. We
know, however, by (i) of Lemma 2.2 that e1° is attached not to S24 but just to Si*.
This implies that Sy =0, x, =1 and x,=0. Since S is a monomorphism by Lemma
3.1, we obtain that 8, =7,,. Similarly the attaching element B8; of e33 is checked to
be 7,;. Thus

K = 4 v (S U, eld) v (SE U, eb?).

mi
The attaching element 8§ of e!® belongs to
ms(K?) = m15(d) © mis(Sit U €i®) @ mis(Si U 7).
On the other hand, by (2.5), we have that
(SU(3)/5%) A (SUQ3))
=(S°v S ASUQ)

3.3) = S§5SU(3) v S8SU(3)
=(Sfuei®) v SV (SIPuUel®) v S by Lemma 2.1.

This implies that § has no components in 7 5(S1* U e}?). Similarly it is checked
that & has no components in m,5(S3* U e2%), and hence

3.4) K=A4uyU;e® v (S Ueld) v (53U edd).
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Then we will show that
3.5 AU, e'8/SC = SEx S§ U el
It is easily checked that the homomorphism induced by the inclusion:
ms(S1 V §3) = ms((ST v S§2) U ')
is an isomorphism, and hence 4/S°=(S%v S§) U, C(S®v S'5), where ¢ belongs to

[S® v S5, 8} v S3] = n(SF v S5) @ m1s(S}) @ m15(SB)
@ m16(S§ x S5, S3 v S3).

Thus the restriction of ¢ to S*° has the form
('"ISIS) =a @a; @ br,

where o; € m,5(S?), i=1, 2, 7 is a generator of m,¢(S% x S8, S¥v S%) and b is some
integer.

To prove (3.5) it is sufficient to show «;=0 and b=1. Let u; and u, be the
generators of H%A U e'¢/S€)~Z @ Z, then the generator of H%(A4 U €'¢/S°) is
a product u;Au, since H'$(K)~H®SU (3)) ® H%SU (3)) holds. Suitably
choosing orientations, we obtain b=1.

Consider the map p: 42?/S*® 2, K/S® 2 (SU (3)/S%) A SU (3), where p, is the
inclusion and p, is the map shrinking S§v S3' to a point in K/S¢=(S%v S9)
U C(S°V S¥) v (S} U el¥) v (S3' U el®). Then we have that p,(¢|S*%)=«,, which
is the attaching element of e!® in (SU (3)/S3)ASU (3). Hence ;=0 by (3.5).
Similarly «;=0. Thus (¢|S*®) is a universal Whitehead product and hence (3.5)
follows.

One can easily check that the cell e!© is attached to S%x S% by (5s, 1) in
A U e*%/S°®. Similarly C(S7v S2) is attached to S® by (s, 7¢) in A®.

Summing up these facts we state

PROPOSITION 3.2. The smash product SU (3)ASU (3) has the cell structure of
K=A4 U e®v (S U, e®)v (S U, ), where
(i) A=((S® U, €®)V S®) U, e a=inveV ng with odd n,
(ii) 4 U e'[S°=S5°xS® U, e, n=(ns, ne),
(iii) A® =Sy, etV S8

Further we investigate the property of the suspended complex S(4 U e€) of
AU es.

PROPOSITION 3.3. Let a be the same as in (i) of Proposition 3.2. Then we have
S(A U e'®) = SA® U, C(S° v S'8) wherey = Sa Vv Bonys
with some B of m,5(SA®).

The rest of this section is devoted to the proof of this proposition.
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Let D be the complex S(SU (3) A SU (3)). According to the above Proposition
3.2, the complex S(4 U e'®) is a retract of D.

Let us recall (see §2) that S(SU (3))=S* U, C(S%Vv S8) with ¢ =7,V vyn,.

Let 1; be the identity map of SU (3). Then D has the homotopy type of

(S* U C(S5 v S%) A SU(3)

(3.6) = (§*SU (3)) U, C(S*SU (3) v S®SU (3))

with §= la/\'l]4v lg/\ (V*‘f]-y).
By the naturality we have that

3.7 lg A (vane) = (I A ve) o (Ig A 79).

For simplicity we put G,=S" SU (3). Then we have G,=S"*3uU,  _e**5v S"+8
for n=3 by Lemma 2.1.

Then IgAv, belongs to [G,, G,] and 15A7; € [Gg, G;], where we have the
isomorphisms by (2.1) and (2.2):

(3.8) [Gr, Gi] = [STP U €2, G] @ m5(S7 U €°) @ my5(S12).
(3.9) [Gs, G7] =[S U €2, G7] @ m16(S U e'2) @ m14(S ™).

Letj: S"— 8" U,, e and k: §'° — S'° U, e'? be injections and consider the
cofibering: S1° <> S0y, e'? — 52, Then we have the exact sequence
LED) k*
(3.10) e myo(Gy) <— [STO U 2, Gy] «— mp(Gy) «—- - -,

Whel'e 1"10(04) = 11’10(57 V) 6‘9) by (2.]).
We need the following.

LEMMA 3.4. (i) mo(S™ U %)= Z,, and generated by j,w.,
(ii) m16(S*° U,,, e*?) = Z, generated by k,v3,,
(iii) k* is epimorphic.

Proof. (i) and (ii) follow easily from the exact sequence of the pair (S7 U e°, S7)
and (S1° U e!2, S1°) respectively.
(iii) By definition we have

"Ifo(j*“w) = j*(wvmo)
=] *(V'r’ho)
=0 by (5.9) of [15].

So (iit) follows from the exactness of the sequence (3.10). Q.E.D.

Let 5 be the attaching element of e!® in 4 U e*® in Proposition 3.2. Since
S(A4 U e9) is a retract of S(SU (3) A SU (3)) and since dimension of S4 is 11, the
attaching element S8 of e!” in S(4 U e%) is of the form S8=8" o kw3, +B" ° 715
where 8" € [S1° U e!7, G4] and B" € m5(S7 U €°).
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By (i) and (iii) of Lemma 3.4 we have that
B o kpio = (k*B Mo = (Xswr) o vio = Xjp?
with some integer x. Besides we have v =7, o 7,5 by Lemma 6.3 of [15]. Namely
S8 = (XjyP7+B" 15
Putting xj, 7, + 8" =p € m,5(SA®), we obtain the proposition. Q.E.D.

4. The cell structure of Sp (2)ASp (2). Let n be a sufficiently large number.
Let C; and C, be the mapping cone of w, and 2w, respectively. Let 1, and 1, be
the identity of C, and C, respectively. For simplicity we set

A,=C; A C,, the mapping cone of 1; A w,.

B,=C, A C,, the mapping cone of 1,A (Qw,).

Let j: S* — S"C, and i: S" — S"C, be injections. Let (2w, ,+3)~ € mgn 4+ (S™C;)
(or (4wyy, 4 3)~ € 7oy, +(S™C,)) be the coextension of 2wy, 4 5 (OF 4wy, , 3 respectively).
Then by Lemma 3.5 of [15] we have that

4.1 A, = (S*C, v S"*H) U, e*8,
where o, = (joo* + Qwan+3) ™)V way 4 ¢ With a* € my, , (S2").
4.2) B, = (S"C, v S%"*%) U, eS8,
where B, =(i4B* +(4wan+3) ")V 2wsn 1 s With f* € ma, . 2(S2").
First we show that
4.3) the restriction of «* to %m,, . +(S?") is xo,, with odd x.
Proof. By Proposition 8.1 of [15] we have
S3:H™Cy3 Z5) = HX(Cp5 Z,)
and hence by the Cartan formula we obtain
S8 H2™(A,; Z;) = H*"*%(B,; Z,).
Therefore, (4.1) follows by Proposition 8.1 of [15]. Q.E.D.
Next we show that
“4.4) the restriction of B* to 2m,, , 7(S2") is 4x0,, with odd x.

Proof. We restrict ourself to the 2-primary components of the homotopy groups.
It is easily checked that

on+2(S"Cr V 8% = Z16 D Zy D Zs = {js020, QW2n43) "5 Vansa}-
2o t(S"Cr V S = Z16 D Zs @ Zs = {ix02n, (w2043) 7, Vansa}
Let F be a map: B, — A, such that
F|S%" is of mapping degree 1,
F|S?"+4 and F|e®** are of mapping degree 2,
F|e*"*8 is of mapping degree 4.
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For the induced homomorphism
Fy:2mn o a(S"Cp v S+ %) — 2mg, o(S™Cr v §2"*%)
we have that
4.5) Fy(ix02n) = jaO2n, Fu(®zni3)™ = Qwansa)™s Falvansa) = 2van4a
Consider the following diagram:
*on e f(STHT) = 2mp0 1 o(S"C V S2MH4) — o o SC Up, €27 78)
< F |

2772» + 7(5211. * 7) -_—> 2'”21: + 7(S nCvlt v S+ 4) -—> 2”21; + 7(SnC1,l Ve, e B)
oy,

Let yo,, be the restriction of 8* to 2m,, . -(S2"), where y is some integer. Then by
the commutativity of the diagram we have that the 2-primary part of F,(B,.t2n+7)
is the 2-primary part of «, (4t2, 7). Namely,

JaYO2n+2-(dwon3)” +2(2vzn.4) = jadx02n+4 Qwoni3)™ +Wan s

and hence j, yo,, =/44x04,, since 2-(4wy,,3)~ =4 (2wzn+3)~. One can easily see
that jy: 7304 7(S?) = 79y 1 1(S™Cr v S2***) is monomorphic. Therefore

Yoo, = 4x02,.. Q. E-D-

Now we state the following proposition, which is a little weaker than the case
SU (3)ASU (3).

PROPOSITION 4.1. The smash product Sp (2) A Sp (2) has the homotopy type of
M=BuU (S U e") U (SB U el") U e?, where

@) B = (S%Ugu, e v S0 Uget, withB = iyo”+(4wg)™ V 2wy,
(1) M/Ss = (Smx Sw) v, elt v (513 Usors e”) v (S8 Uz e17)
= (S1Vv SO)UCSE vV S Vv (813 Uz, e") Vv (S8 Uy, '),

where vy is of type (Quw,yo, 2wyo) and e?° is attached to S'°v S'° by a universal
Whitehead product.
(iii) MQ® = Bao — g8 U, el v S1o

Proof. (i) First we prove (i). Let C be the mapping cone of w’ and 1 the identity
of C. Then B=CAC is a mapping cone of IcAw': CAS®— CA S3. For any
coextension (4wg)~ of 4wy, by Lemma 3.5 of [15], there exists an element o* in
m,3(S%) such that

le A o' = (8°p)*(ixo* +(4wg)~)

holds in [CA S8, CA S®], where p is the shrinking map: S U ¢® — S8 and i is the
inclusion S8 — CA S%=S5° Uy, €'°. Therefore B has the homotopy type of

(4.6) B = (8§%Ug, e v §10) ujett

where ﬂ=i*o*+(4w9)" \ Zwlo and o* € ﬂla(Ss);ZSO.
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We will prove that

(4.7) o*=x0" with odd x, where ¢” is a generator of 2m,5(S¢)>Z,.

Evidently o* € 57,5(S€) > Z,,.

Recall that 37, ,5(S™")>Z; and 3m,,(S™") = Z; are generated by «,(n) and ay(n)
respectively for n=3 [15]. Let D be the mapping cone of «,(6). Then it is easily
checked that there exists an exact sequence:

7 4
0 —— %m15(S°®) _i") S71a(D) (_S—&’ 8r15(§1%) —— 0.
Since «;(6) o «,(9) =0, there exists a coextension [«;(9)]~ of «,(9) in D. By definition
(S*p)x[1(9)]~ =«,(10), which is a generator of 37,5(S°). Besides, by Proposition
1.8 of [15], the element [,(9)]~ © 3t353=3[;,(9)]~ belongs to —i,{,(6), «;(9), 3¢5}
This secondary composition contains an element ~i,a,(6) by Proposition 4.17 of
[14]. So we have

3[(9)]7 = —iyax(6) mod —iym;5(S®) 0 3uy3.

Thus 37,4(D)>Z, and it is generated by [«,(9)]~. Therefore, in (4.6) we can
choose the coextension (4wg)~ so that o* belongs to 2m,5(S®).

Since S"~3%w’'=2w, for sufficiently large n, we have S2"~6B=B,. Consider the
following commutative diagram with exact rows:

Iy
714(S® Uy, €% v §1°, 59) 713(S®)

lS2n-6 lSZn—G
I

Ton+a(S"Cp V S2M*4, 82 5 my L (S21) 2>

713(S® Ugy €20V S10) —— m15(S® Uy, €% v S0, S°)

ls2n—6 lSZn‘vG

772n+7(SnCn \4 Szn+4) "—">1T2,,+7(S"Cn \4 S2n+4’ Szn)

By making use of the Blakers-Massey theorem one can easily check that the first
and the last S2"~¢ are isomorphisms. Since the second S2"-€ is known to be
monomorphic [15] we conclude by the four lemma that the third S%"~¢ is mono-
morphic. Since S?"~6B=B,, we obtain that $2"~(i,0*) is 4x(iy02,) by (4.4). On
the other hand by Lemma 5.14 of [15], we have 4x(i,02,)=S52%""%(i,xc"). As
S27-¢ is monomorphic, we get that i,o* =x0", and hence (4.7) follows.

(ii) We study the structure of M/S%=(B/S®) U (e} U el”) U (el® U €}") U €*°.
By virtue of (2.6) we obtain that

(Sp(2)/S®) A Sp(2) = (S" v S A Sp(2)
=S7Sp(2) v S*°Sp(2)
=(SPuUe?) v S17v (SPPUe”) v S by Lemma 2.1.
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So it follows easily that
(M|S®)P = (B/S®) U, C((ST* v ei®) v (S5% U e}?)),

where y=(y;, y2) and y, € [S}? U e}8, B/S®]. On the other hand the double sus-
pended complex S2((M/S®)*7) is the 19 skeleton of (S2M)/S® and so by Lemma
2.2 it has the homotopy type of (S2B)/S8V (S1% U el®) v (S3° U ei®)v S22. There-
fore, S%y;=0 in [S%(S}? U €}%), S%B/S®)]. The homomorphism

S2: [S12 U %, B/S®] — [S¥(S}? U e}%), S%(B/S%)]

is an isomorphism, since B/S® is 9-connected. Thus y, is trivial and we obtain
(M[S®)*7=(B[S®) v (S1* U ei") v (S3° U €3").

It is easily checked that e}” is attached to S}3 by an element 2w, ;.

The same argument as in the proof of (ii) of Proposition 3.2 gives that the top
cell €2° in M/S¢® is attached to Si°v S° by a universal Whitehead product. Thus
M[S8=(S10x S U elty (S UV (S Uel). It is easily seen that the
attaching element of e'* is of type (2wo, 2wo).

One can restate the above fact as follows:

M[S® = (S0 v S1) U (S v §19) v (S U elT) v (SB U etT),

(iii) The proof of (iii) is quite easy. Q.E.D.
For later use we state .

COROLLARY 4.2. SB=(S" U,,,, e}V S) Uy, €', where
SB = i*So"+(4wm)~ \ 20)11.

5. The order of [SU (3)ASU (3), SU (3)]. According to Arkowitz-Curjel
(Lemma 2 of [1]) the order of the group [SU (3) A SU (3), SU (3)] is equal to the
number of homotopy classes of multiplications on SU (3). In this section we
compute the order of this group.

By virtue of (2.2) and Proposition 3.2 we have

[SUB)ASUQB),SUQB)] =z [4uesSUQ) @[Sy, e? SU(3)]

(5.1)
@[S U, €13, SU (3)].

First we compute the order of [S'! U, e'3, SU (3)].
. Applying the functor [ , SU (3)] to the cofibration sequence

S12 5, Sl ___, Qi1 18 >S18 5 12 >,
M1 M2

we obtain the exact sequence:

ma(SU (3)) <5~ mu(SU (3)) «— [S** L €%, SU (3)] «— m14(SU (3))

11

~ ma(SU (3)) «—- - -.

M2
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We quote from [9] that
71:(SU (3)) = Zy([3)), m12(SU (3)) = Zeo([e")),
m13(SU (3)) = Zg(ine'),
where ( ) denotes the generator of the 2-primary component and [«] is such
an element that p,[«]=« for the projection p: SU (3) — S°.

Then we have

LeMMA 5.1. y¥, and v¥, are trivial.

The proof will be given following Lemma 5.2.

As a corollary we have

PROPOSITION 5.2. O([S*! U €3, SU (3)])=28-3.

REMARK. One can show that

[ U e, SU (3)] = m1,(SU (3)) @ m15(SU (3))
but it is not necessary here.

Consider the complex Stiefel manifold W, ,=SU (5)/SU (3), which is known
to be a S7-bundle over S°. And so W5 ,=S"U,, €° U e'®. We quote from §7 the
following results.

PRroOPOSITION 7.1.

*ms(We2) = Zs @ Za = {[v3], ixPa}, 2[8] = ixens

*me(Ws,2) = Z16 = {[200]} 8[205] = iypr,

2m19(Ws,2) = Zy = {ixv1010}-
In the above an element [x] € 2m(W; ) is such that p,[x]=x e =(S®) for the
projection p: W5 , — S°.

Let 1: S¢*SU(3)=S"U,, e?v §*2 — W>2 be a map such that 1{S7 U ¢° is an
identity and 1|52 is trivial. Then we have the following commutative diagram

with exact rows:
"i(Ss)

P

7(SY) —2s m(SUB) —— W(SUB), §) —— m_(SY) —2 m_,(SU @)

5 ly s ls* s*

A 4 Y . v
I

m+4(S7) 35y ey (8YSU (3)) — mis4(S* SU (3), §) — m,oS7) —2 mi,o(S* SU (3))

ll,., I, “ le

\ . v

I 1
"i+4(s")—l*"" "¢+4(W5,2) —_— ‘”i+4(ws.2, Sy —— “"(+3(S7) — "t+a(Ws.2)

~__ pa] _

74 o(S®)
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For simplicity we denote by I the composition of the homomorphism

4

S 1
m(SU (3)) —> 7. o(S* SU (3)) —> 7. a(Wa2).
Then we have
LEMMA 5.2. () I(iy&')=2iyv7010.
(i) I([e"D=4[205] mod ixpr.
(iii) 7([v3D)=[v8] mod iyvr.
Proof. We use the commutativity of the diagram:
() I(iy&') =iy(Ste’) =ip(2v7040) by (7.10) of [15].
(i) Since p I([0"]) = S*p.([c"]) =80y, we have I([c"]) =4[20,] mod i,p;.
(iii) Similarly, the equality p,([vZ]) = S*p,[v2] =vZ implies that
I([+2]) = [v3] mod i,7;.
Now we turn to the proof of Lemma 5.1.
Proof of Lemma 5.1. It is sufficient to show that 7}, [v2]=7¥[0"]=0.
Consider the following commutative diagram:

* *
N1 Ni2

ma(SU (3)) «— m1,(SU (3)) «— [S** U e?, SU (3)] «— m5(SU (3)) «— m12(SU(3))

ll ll ll ll ll
"7:5 15 1 "I?e
m16(Ws,2) «—— m15(Ws 3) < [S1° U &7, W; o] «——m1o(Ws,2) «—— m1(Ws,2)

By Lemma 5.2, we have
I([vIn11) = [¥3In1s mod iyomys,
where i,7,7,5 is trivial by [9].

As the element [v3] one may choose a coextension 7% of v§ in §7 U e®< W ,,
since 77 o v3=0. Then by Proposition 1.8 of [15], I([v&]n;,) =72 o 7,5 belongs to
— Iy{n+, v4, 714}, Which is easily proved to be zero. Thus /([+Z]p,,)=0. By Lemma
5.2, the restriction of I on 2m,5(SU (3)) is monomorphic. Therefore, we obtain
["glﬂu’—‘o-

We have I([6"]n,5) =4[20,]7:6=0 mod i,n,us, Where iynsus =0 (see §7). Since [ is
monomorphic on 27 3(SU (3)) by Lemma 5.2 we have [¢"]n,,=0. Q.E.D.

Put L=A4 U ¢'%/S8=(4/S%) U e!8. By (2.2), we have

[S% v S5, 8% v S8 = my(S8 v S8 @ mys(S8 v SB).

Let h: S® — S®v S® be the injection to the right S® and « be the universal White-
head product in 7,5(S®v S®). Then by Proposition 3.2, we have

5.2) L=(S%v S%uU,C(S%v S withy = hyng @ o.
Consider the cofibering sequence

(5.3) S¢ >A4uUe L >8> -,
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Applying the functor [ , SU (3)] we get the exact sequence

i*

(5.4) 76(SU (3)) «— [4 U €%, SU (3)] «— [L, SU (3)] «— #4(SU (3)) «—- - -,

where 75(SU (3))=Zs and #,(SU (3))=0 by [9].
So we will calculate the order of [L, SU (3)].
Consider the following cofibering sequence

(55) SV S15_T5 88y S8 > S0y S, 8y §%— ...
It follows the exact sequence

79(SU (3)) @ ms(SU (3)) Y [$? v 8% SU(3)] «— [L, SU3)]
< moSUB) @me(SU Q) < [S° v S5, SU Q)] «—---.
(Sy)*

PROPOSITION 5.3. y* and (Sy)* are trivial.

Proof. Since y=h,ns @ « and Sy=h,n, @ S, it is sufficient to prove
(5.6) 7875(SU (3)) = 7874(SU (3)) = O,
5.7 o*[S8 v S8 SU (3)] = (Sa)*[S® v S° SU(3)] = 0.

By [9], 7o(SU (3))>Z; and hence 7¥ and %% are trivial, since ng and 7, are of
order 2. (5.6) follows.

For any element x of [S® v S8 SU (3)], the composition x c a=ca*(x) is a
Whitehead product in SU (3) and hence is trivial. Similarly (S«)*=0. (5.7) follows.
Q.E.D.

It follows from Proposition 5.3 that

(5.8) (L, SU (3)]) = 6(ms(SU (3)))- 8(7(SU (3)))- 6(m1o(SU (3)))- 6(r14(SU (3))).

Recall [9] that #g(SU (3)) = Z;,, m10(SU (3))=Z30 and m,4(SU (3)) 2 Z;5, @ Zs.
We obtain

COROLLARY 5.4. 6([L, SU (3)])=28-36.5-7.

Finally we compute the order of [4 U €%, SU (3)]. In the sequence (5.4) we have
the commutativity:

i*

me(SU(3)) «—— [4V e’ SUQ)]

- I

7(BSU (3)) «— [S(4 U €®), BSU (3)]

where i also means the inclusion S7 — S(4 U e€).

LeMMA 5.5. i* is epimorphic.
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Proof. Let j: S* — BSU (3) be the inclusion map. Then it is easily checked
that the generator of =;(BSU (3))xm¢(SU (3))>Zs is j,Sw'. The lemma is
equivalent to the fact that j,Sw’ is extendable to S(4 U e'®).

By Proposition 3.3 we have that

S(A U e’) = SA® U, C(S° v S'¢) wherey = Sa vV Bo;.
Since mg(B SU (3)) = m,(SU (3)) 20, j,Sw’ is extended to SA®. Furthermore j,Sw’
is extended to (S(A4 U €!%))*V, since j,Sw’ o e =j,Sw’ o nv, by (i) of Proposition 3.2
and since j,Sw’ o (nvq) € 2w 4(B SU (3)) = 2m¢(SU (3)) =0. The attaching element of

e'7in S(4 U e®) is of the form B o 7,5 by Proposition 3.3. Let v be the extension of
JuSw’ to (S(A4 U €)Y, We must show that v o 5,5 =0. We need the following

(5.9 ¥sms(BSU (3)) = 0.

It is sufficient to show that
7%:(74(SU (3))) = 0.

In fact, *m4(SU (3))=Z, @ Zy={[8] o v11, ixp’} and hence 7¥,(*m14(SU (3))) is
generated by [vZ] o vy, 74 and iyu'n;,, where [VE]y;1m,4=0 by (5.9) of [15] and
iypt'n14=0 by Lemma 4.2 of [9]. )

The element v8 belongs to m,5(B SU (3)) and hence (v8)n,5 =7¥(+8) =0 by (5.9).
Q.E.D.

By (5.4) and Corollary 5.4 we have the following as a corollary of Lemma 5.5.

PRroOPOSITION 5.6. 6([4 U €', SU (3)))=2°-37-5.7.
Therefore, by (5.1) and Proposition 5.2, we have obtained that
0([SU 3) A SU(@3),SU (3)]) = 215.3°.5.7.
Thus we have shown

THEOREM 5.7. There exist precisely 2'5-3°.5.7 distinct homotopy classes of
multiplications on SU (3).

6. The order of [Sp(2)ASp(2), Sp(2)]. Consider the cofibering sequence
(M=Sp (2)ASp (2)):

6.1) S®*— M — M/S® —> S" —> SM —> S(M|S%) —> §® —>- - -.
J

Applying the functor [ , Sp (2)] we obtain the exact sequence:

7o(Sp (2)) <— [M, Sp (2)] «— [M]S", Sp ()] <— m(Sp (2))
<L [SM, Sp (2)] «— [S(M]S®), Sp (2)] «— 5(Sp (2)) «<—- - -
where m(Sp (2)) 2 Z and mg(Sp (2)) = m(Sp (2)) =0 ([9)).

(6.2)
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By (2.2) and Proposition 4.1 we get

[M]S®,Sp (D] = [(S*° v S L C(S*° v S, Sp(2)]
(6.3) @ [$*° Vzuy, €17, Sp ()] @ [S*° Vo, €Y7, Sp (2))

First we compute the order of [S3 U, . e'7, Sp (2)]. Consider the sequence:

20)13 2w14
SIG > Sla > S13 U20313 el7 S17 S14
Then we obtain the exact sequence:
(2w19)* o 1
716(8P (2)) <——— m13(Sp (2)) «——— [S*® U €7, Sp (2)] «——— m1+(Sp (2))

(2“’14)*

— m(Sp Q) «— -,
where m15(Sp (2)) = Z, @ Zo={[v7]v10s ixM3tt4}, 714(SP (2)) = Z1680([207]),
me(Sp (2) = Z, @ Z2 = {[o'n1alms, [1lvde} and  714(Sp (2)) = Z,yo([v7)o10).

Evidently (2w, 3)* is trivial, since m,4(Sp (2)) =2 Z, @ Z,. On the other hand we get
(2w, 4)*[20'1=4[v,]o,,, since for the projection p: Sp (2) — S” we have

Px([20) 0 2wy4) = do'vy,
= 4V7010 by (7.19) Of []5]
= px(4[v1]oyo)

and since py: 2m;4(Sp (2)) — 27,,(S7) is monomorphic by Lemma 5.2 of [9]. Thus
the cokernel of (2w,4)* is isomorphic to Z,,. Therefore we have obtained

PROPOSITION 6.1. 8([S?*® U, , e'7, Sp (2)])=25-5.
For simplicity we put N=(51%v %) U, C(S*8v §°), where

€ = Quwyo V dwyo) D dem (S0 v S0 @ me(S° v §19)
; [Sla Vv Sls’ Slo V] SlO]

and & is a universal Whitehead product by Proposition 4.1. We will compute the
order of [N, Sp (2)].
We have the following cofibering sequence:

(64) SV §°—> 0V SO N s STV SH s SH v S

Therefore we obtain the exact sequence:
716(SP (2)) @ m1a(Sp (2)) T [S* v S Sp (2)] «— [N, Sp (2)]

(6.5) <« m30(8p (2)) @ m14(Sp (2))

—[s1 St Sp (2)] —,
(sg)*[ v P (2)]
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where 71o(Sp (2)) = Z120([v7]), m11(Sp (D)) =Zy={ixes}, m13(Sp (2)2Z, D Z;=
{[v21v10, iamara}y 714(SP (2)) = Z1680([20°]), 710(Sp (2) = Z2 @ Z, ={ixp3012, ixnaés}
and m5o(Sp (2))=Z; @ Z; @ Zo={[v7]o10v17, ixM31t4013, ixfia} (se€ [9]).

Evidently £*=Qw;oV d4wy0)* @ 8* and (S£)*=Quwy; V 4w, )* @ (S8)*.

PROPOSITION 6.2. (i) (Sé)* is trivial.

(ii) The kernel of £* is isomorphic to Zgy @ Z, 0.

Proof. It is sufficient to prove

(6.6) 8* and (S9)* are trivial.

(6.7) 2wy, V 4w,y)* is trivial.

(6.8) The kernel of (2w,qV 4wyo)* is isomorphic to Zgy @ Z, 2.

The proof of (6.6) is same as in Proposition 5.3, since 8 is a universal Whitehead
product in mo(S° v S°). (6.7) is clear since m,(Sp (2))=~Z,. The image of
(w0 V 4w,0)* is generated by (2wyo)*[v7]=2[vs]v:0. Hence (6.8) follows. Q.E.D.

By (6.5) and Proposition 6.2 we obtain

PROPOSITION 6.3. ([N, Sp (2)])=212-33.53.7.
Therefore by Proposition 6.1 we obtain
PRrOPOSITION 6.4. 6([M/S®, Sp (2)])=222-33.55.7.

In order to enumerate the order of [M, Sp (2)] it is necessary to study the
cokernel of the homomorphism in (6.2);

J*: [SM, Sp (2)] — m+(Sp (2))

where j: S” — SM is the inclusion.
We have

PROPOSITION 6.5. The cokernel of j* is isomorphic to Z .

It follows from this proposition and (6.2) that

0« [M, Sp (2)] < [M/S®, Sp (2)] <~ Z36 <0
and hence

(6.9) 6([M, Sp (2)] = 220.3.55.7.
Namely by Lemma 2 of [1] we have shown

THEOREM 6.6. There exist precisely 22°.3.55.7 distinct homotopy classes of
multiplications on Sp (2).

The rest of this section is devoted to the proof of Proposition 6.5.
We have the following commutative diagram.

i
m(Sp (2) «L— [SM, Sp(2)]

I, I

mo(BSp (2)) «L— [SM, BSp (2)]
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Since S2M=S2B v (S*® U e'®) Vv (S U e'®)v §22 by Proposition 4.1, we have
[S2M, Sp (2)] = [S®B,Sp ()] @ [S*® L €%, Sp (2)] D [S*® v €%, Sp (2)]
@ m22(Sp (2)).

Let j: S7— SB=(S" Uy,, €'V S1?) Ugs e'® be the inclusion, where SB=j,So”
+(4wy0)~ V 2wy,. In order to prove Proposition 6.5 it is sufficient to show that

(6.7) the cokernel of j*: [SB, Sp (2)] — 7(Sp (2)) is isomorphic to Zgg.

In other words, it is an extension problem of the generator [12:,] of 7,(Sp (2)) = Z
to SB.

First we remark that we may take the coextension of 12¢, in S3 U, e"<Sp (2)
as an element [12:,].

We need the following

LEMMA 6.7. i {w’, 12i5, 2wg} = —iyaq(3).

Proof. It is easily seen that the secondary composition i {w’, 12t 2we} is a
single element. Since iy : 2m,o(S3) — 2m,0(Sp (2)) is trivial, we have

. ix{o', 12u5, 2wg} = i {0y (3), 126, 20,(6)},
where {«;(3), 3tg, 2;(6)} =a,(3) by Lemma 13.5 of [15]. Hence
iy{w’, 1215, 2w} = —iyaq(3).
The composition [12¢,] o 2w, is contained in the secondary composition
—iy{w’, 12t5, 2we}
by Proposition 1.8 of [15]. Hence by Lemma 6.7 we obtain
(6.8) [12¢7) © 2w, = igay(3).

Since i,as(3) is of order 3, 3([12¢;])=[12:;] o 3¢, is extendable to the complex
S7 Uy, 2tV S Let £ be this extension. Consider the composition

£oSB = &o(juSo"+(4wi0)).

LEMMA 6.8. (i) £ o j,So” =4[20") mod {2iu’ =8[20']}.
(i) € o (dwyo)~ =iyas(3) mod {2i,p'=8[20°]}.

Proof. (i) Since ¢ is the extension of [12:,] o 3¢;, we have that
£0jeSa” = [12t7] 0 317 0 Sa”.

For the projection p:Sp (2) = S7 we have p,([12i;]  ¢')=p,(120") and hence
[12¢7] 0 0’ =6[2¢") mod {i,u'}. Thus we obtain

£0j,So" = 36[20"] = 4[20')  mod {2iyu’}.

(ii) By Proposition 1.7 of [15], the element ¢ o (4w,0)~ is contained in the
secondary composition {[12:7] © 3t7, 2ws, 4w;0},. The indeterminacy of this is
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m11(SP (2)) © 4wy @ [1244] 0 3¢7 o S%m 5(S), which is easily checked to be generated
by 8[20']=2i,u'. For any element x of {[12¢;] o 3ty, 2w, 4wy0},, We have that 3x e
{[12¢7], 2v4, 4v10}22{[12¢7], 2vy, 4t10}2 © v13, Which is a subset of 7;,(SU (3)) o vy, =0.
Hence
{[12t7] 0 3¢q, 2wq, dwio}a < 3m14(Sp (2)).
So we restrict ourself to the 3-primary components.
We have that

{[12¢7] © 3tq, 201(7), 1 (10)}2 > [12¢7] © {3¢q, 204(7), a,(10)}2
by Proposition 1.8 of [15]
5 [1217] 0 ag(7)
by Proposition 4.17 of [14].
On the other hand, by Proposition 1.7 of [15], we have
[12t7] 0 ag(T) = —ip{@y(3), 1207, ax(7)} mod 0.
= —i,x3(3) by Lemma 13.5 of [15]. Q.E.D.
Thus we get that
€0 SB = 4[20'] —iyay(3) mod {2i,u’ = 8[20']},
which is of order 12. Hence 12¢ is extendable to SB. Namely just the 36 times of
[12:,] is extendable to SB. Thus we have proved Proposition 6.5.
7. Computation of some homotopy groups of W ,. Let W, ,=SU (5)/SU (3) be
the complex Stiefel manifold. For simplicity we set 2=, (S")==".; and
27":(W5.2) = W,
We will show the following.
PRrOPOSITION 7.1.
*mis(Ws2) = Zy @ Zy = (3], isin}, where iyeq = 2[3].
*m16(Ws,2) = Zig = {[200]}, where 8[20o] = iypr.

2mid(Ws,2) = Zy = {igv1010}.
Proof. Associated with the bundle 7> W, 2> S° we have the exact sequence:

i p A i p
9 7 _* 774 * o9 7 _* 7% * .9 7
Tig > T —> Wyir —> T —> Mg —> Wy —> T1g —> T35
...-)Wls_)...,

where A is the boundary homomorphism.

Recall [15] that n3s=Z, @ Z; @ Z; @ Z,={oonis, v3, e, ner0}, m12Z; D Z,
D Zy={o9m16, 7o, £}, M6 X Z16={00}, T2 Zy={8}, 71, 2Z D Z, ={v1010, M1},
1622y D Z; @ Z; @ Zy={o"n}s, ¥4, pr, M), 7152 Zo D Zy @ Zy={0"n14, 71, &1}
and ], > Zs={d'}.

We also recall the formula (see [9])

7.1) A(Se) = g7 00 for any « € m(S?).
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By (7.1) one can obtain immediately the following:

(7.2) 0—Z, = {v0y0} > W1, =0,
(7.3) 0—>2Z; = {us} = Wig = Zg = {20} >0,
(7.4) 0 —_ 22 @ 22 e {177, 57} e W15 —_ 22 = {V%} -—> 0.

Theorem 2.1 of [9] is useful in determining the extensions (7.3) and (7.4). In
fact, the relation i {n, 20g, 8t;5} =iyu, implies Wis> Z;6={[20,]} with 8[20,] =i, u,.
The relation iy{n,, ¥2, 21,4} =iye; means Wys=Z, @ Z,={13], i4¥;} with

2[v2] = iyen. Q.E.D.
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